We investigate a possibility that the rough gauge problem, which have appeared to be a main reason for failures of lattice chiral gauge theories, is cured by an asymptotic-free dynamics. Taking the domain-wall model in 2(+1) dimensions with SU(2) gauge group, we carry out the quenched simulation of gauge fields in the extra dimension. By studying fermion spectra in several volumes, we show that the chiral zero modes exist on the wall without having the spontaneous symmetry breaking thanks to the asymptotic-free dynamics. This result suggests that the rough gauge problem is solved in some class of lattice chiral fermions as well as in 4 dimensions if an asymptotic-free dynamics is incorporated. 11.15Ha, 11.30Rd, 11.90.+t 
I. INTRODUCTION II. THE DOMAIN-WALL MODEL
The original domain-wall model is the 2k(+1)-dimensional Wilson fermion whose mass term has a kink-like shape in the extra dimension, vectorically interacting with the 2k(+1)-dimensional gauge fields. The action of the original model, reformulated in Ref. [9] in terms of a 2k-dimensional theory, are given as
where S G is the gauge action and S F is the fermionic action. S G is given by
where µ, ν run from 1 to 2k, n is a 2k-dimensional lattice point, and s is a coordinate of an extra dimension. U P µν (n, s) is a 2k-dimensional plaquette and U P µD (n, s) is a plaquette containing two link variables in the extra direction (D = 2k + 1). β is the inverse gauge coupling for the plaquette U P µν and β s is the one for the plaquette U P µD . In general, we can take β = β s . The fermionic action S F on the Euclidean lattice is given by S F = 1 2 nµ sψ (n, s)γ µ U µ (n, s)ψ(n + µ, s) − U † µ (n − µ, s)ψ(n − µ, s)
where s, t are an extra coordinates ,
Here U µ (n, s), U D (n, s) are link variables connecting a site (n, s) to (n + µ, s) or (n, s + 1), respectively. Because of a periodic boundary condition in the extra dimension, s, t run from −L s to L s − 1 , and a(s) is given by
where m 0 is the height of the domain wall mass. It is easy to check that the above fermionic action is identical to the one in 2k(+1) dimensions, proposed by Kaplan [2, 9] . This model describes chiral fermions for smooth back-ground gauge fields in perturbation theory [10] . We studied the weak coupling limit, where the physical gauge coupling constant g → 0. In this case, all gauge fields in the physical dimensions can be gauged away, while the gauge field in the extra dimension is still dynamical and its dynamics is controlled by β s . Instead of the gauge degrees of freedom in the edge of the waveguide (2k + 1)th component of gauge link variables represent roughness of 2k-dimensional gauge fields. An important question is whether the chiral zero mode on the domain wall survives in the presence of this rough dynamics. In this weak coupling limit, the dynamics of the gauge field is equivalent to 2k-dimensional scalar model with 2L s independent copies where 2L s is the number of sites in the extra dimension, as following way:
where V (n, s) = U D (n, s). If the gauge group is SU(N), the above action is equivalent to an SU(N) × SU(N) non-linear σ model at each s, therefore it is asymptotic-free in 2 dimensions and has only a symmetric phase for all β s . Larger β s smoother V (n, s) without having non-zero condensation of V (n, s). We can increase β s as much as we want till the chiral zero modes will appear on the wall. If it appears at finite β s we can conclude that the chiral fermion exists in the symmetric phase, so the model passes the first test toward the construction of lattice chiral gauge theories. In this paper we take SU (2) as the gauge group and investigate it in g → 0 limit by the quenched simulation.
III. ANALYSES AND RESULTS
The method of simulation and analysis is essentially the same in Ref. [4] except the gauge group. In order to determine the choices of β s for the fermion propagator calculation, we first calculate the correlation length of the scalar field V (n, s) and the result is given in Fig. 1 as a function of β s . Form this figure we estimate that the scaling region, where the correlation length grows exponentially in β s , begins around β s = 2.0. This estimation is consistent with the one estimated from the susceptibility 1 [11] . We also see from the data between L = 16 and 32 that the finite size effect in the correlation length is negligible at
From the above result on the correlation length we decide to calculated the fermion propagators at β s = 1.0 and 2.0 for several values of m 0 on different sizes of lattices, using a quenched approximation. The fermion mass in the 2-dimensional theory is extracted from the fermion propagator within the s = 0 layer as follows 2 . The fermion propagator G(p) st in the 2 dimensional momentum space and the coordinate of the extra dimension is written as
1 Note that the notation of the coupling constant in their study is twice smaller than ours.
2 The details of this method and the notation are explained in Ref. [4] . However, note that
Extracting G L (p) s=t=0 and G R (p) s=t=0 and extrapolate them to p = 0 we obtain the (effective) fermion mass m f as
where L(R) for m f stands for the left-handed(right-handed). We take a periodic boundary condition in the first-and the extra-directions and anti-periodic boundary in the seconddirection to avoid possible singularity of a massless fermion. The fermion propagator is obtained from the average over 50 configurations and the errors are estimated by jack-knife method with an unit bin size. In Fig. 2 This lattice size dependence of fermion masses is consistent with the one of the correlation length of the scalar field, and is very different from the size dependence of the fermion mass for asymptotic non-free cases [4] . These results strongly indicate that the chiral fermion spectrum observed on L = 16 and 32 remains in the infinite volume limit: the chiral zero modes exist on the wall in the infinite lattice volume of 2-dimensional physical space-time.
In addition to the analysis on the fermion masses, we carry out the mean-field analysis, which has been shown to be successful to explain not only the existence of the critical value of the domain wall mass, but also the behavior of the fermion propagator [4] . We fit the measured propagator with the form of the mean-field propagator obtained by replacing the link variable to some unknown but constant value z. Note that non-zero value of z means an existence of the chiral zero mode for the range that 1 − z ≤ m 0 < 1. The extracted values of z's are plotted as a function of m 0 in Figs. 3 and 4 . Within relatively large errors, z's are always non-zero at both β s . At β s = 2 z depends very weakly on m 0 while it increases as m 0 approaches to 1 at β s = 1. A similar m 0 dependence to the latter case has been also seen previously for asymptotic non-free cases [4] . Since z should be constant on m 0 if the mean-field approximation is exact, this m 0 dependence shows the magnitude of the error for the mean-field approximation. Again the finite size effect is small between L = 16 and 32, contrary to the case of the asymptotic non-free dynamics [4] , and no indication that z goes to zero as volume increases is observed. In conclusion the mean-filed analysis also supports, at least at β s = 2, the existence of the chiral zero mode on the wall in the infinite volume limit.
IV. CONCLUSIONS AND DISCUSSIONS
In this paper we numerically investigate an existence of chiral zero modes of the original domain-wall model in the presence of asymptotic-free dynamics in 2(+1) dimensions using the quenched simulation. The result of the fermion mass on 16 × 32 × 16 and 32 × 32 × 16 suggests that the chiral zero mode observed on the domain-wall at s = 0 will survive in the infinite volume limit. The mean-field analysis of the fermion propagator also supports this conclusion.
Although the positive indication is obtained for the construction of lattice chiral gauge theories via the domain-wall model with asymptotic-free dynamics, we have to understand a difference between an asymptotic-free and an asymptotic non-free cases more deeply. It is usually thought that the vacuum expectation value of the scalar field controls the existence of the chiral zero mode in the model: If non-zero the zero mode exists, if not it does not. In terms of the mean field analysis, z is supposed to correspond to the vacuum expectation value. This is a crucial property for the failure of the domain-wall model in the symmetric phase, and this seems true for an asymptotic non-free dynamics [4] . However the result of this paper shows that this does not hold anymore for the asymptotic-free dynamics. Then, what controls the existence of zero modes ? What corresponds to z ? It is likely that some function of the correlation length does it. Since the phase is unique for the SU (2)×SU (2) non-linear σ model in 2 dimensions, the function should be analytic in the correlation length, so that it can vanish only on some points of β s , but not in the non-zero region of β s . It is more likely that it vanishes only at β s = 0. If this is true the zero mode exists for all β s except β s = 0. However since the scalar field near β s = 0 is very rough, the dynamics is very similar to that in the symmetric phase of the asymptotic non-free model. Therefore an existence of zero mode near β s = 0 may imply an existence of the zero mode also in the symmetric phase of the asymptotic non-free model. This seems inconsistent with the previous numerical results [4] . The one of solution to this puzzle is perhaps that the allowed range of the domain-wall mass m 0 for the zero mode (: m c ≤ m 0 ≤ 1 ) is too narrow to be detected in the numerical simulation at the accuracy of Ref. [4] . This point should be clarified, in order to establish the existence of the chiral zero mode of the asymptotic-free model without doubt.
Since scalar field theories with second derivative terms are asymptotic non-free in 4 dimensions, higher derivative terms have to be introduced to make them asymptotic-free [7] . Since, in terms of gauge fields, these higher derivative terms correspond to the gauge fixing terms, the solution to the rough gauge problem by the asymptotic-free dynamics in 4 dimensions is very similar to the recent proposal to the problem by the gauge fixing for the U(1) theory [12] . The relation between the two should be understood.
If the rough gauge problem of the chiral zero mode in the domain-wall model can indeed be solved by an asymptotic-free dynamics, the rough gauge problems appeared in other models such as the Wilson-Yukawa model and the Waveguide model are also resolved by the same dynamics. Research in this direction is also necessary in order to define lattice chiral gauge theories ultimately. 
